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    Using the quadratic transformation  and the generating function method we 34 RR →
perform the Fourier transformation of the wave function of coordinates of hydrogen atom and we 
find the analytic expression of the wave function in momentum space. We derive the matrix 
elements between the basis to 4-dimensions and integral representation of the generating 
functions of Gegenbauer polynomials. We find a relationship between a class of Clifford algebra 





   The problem of the hydrogen atom has played a central role in the development of 
quantum mechanics. Schrödinger solved his equation and found the wave function of the 
coordinate representation. The problem in momentum space has been reformulated by 
Fock [1] which led to an integral form of the Schrödinger equation. This equation is 
solved by projecting the three-dimensional momentum space onto the surface of a four-
dimensional sphere and the eigenfunctions are then expanded in terms of spherical 
harmonics.  
   Despite the importance of Fock’s work and the interest of many authors 
 [2-8] to study the wave function in momentum space it must not hide that the direct 
calculation of Fourier transform of the wave function of coordinates is up till now undone 
and our aim in this work is to fill this gap. 
  The wave function of coordinates [9] is in the form nYrRr lmnlnlm /2),()()( == ωθϕωψ r . 
Where )( rRnl ω is the radial part, )(ΩlmY is the spherical harmonic and the solid 
angle. The difficulty for the determination of the wave function in momentum space 
comes from ω and the appearance of the term “r” in the exponential of the radial part. We 
propose to circumvent these problems by using the quadratic transformation  
and the generating function method where 
Ω
34 RR →
0/2 n=ω is a constant for all the elements of 
the basis. After calculation we found in the expansion of the obtained function the 
Fourier transform of the wave functions in position space with 0nn = , and then we obtain 
the analytic expression of the wave function of hydrogen atom in momentum 
representation. 
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     To not cumbersome the text by the applications we limit ourselves for the passage 
formula between the spherical function and Wigner’s D-matrix elements of SU(2). We 
find an Integral representation of the generating functions of Gegenbauer polynomials 
and as far as I know this is a new formula. 
  We find also that the Bargmann’s integral of a class of quadratic forms related to 
Clifford algebra gives as solution the generating function of Gegenbauer Polynomials. 
   This paper is organized as follows. In part 2 we construct the generating function for 
the basis of the hydrogen atom. The next section is devoted to the presentation of the 
connection of 3R hydrogen atom and 4R harmonic oscillator. In section 4 we derive the 
wave functions of hydrogen atom in momentum space. In section 5 we derive the passage 
formula between the basis of  and the integral representation of the generating functions of 
Gegenbauer polynomials. In the last section we present the relation between the Clifford 
algebra and generating function of these polynomials. 
4R
 
2. Generating function for the basis of the hydrogen atom 
 
   The wave function of hydrogen atom in momentum representation [9] is 





1)( .2/3 ψπψ ∫ −=                                   (2.1) 
With is the radial part          )(xRnl )()!(
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−−== δδωω              (2.3)                                
Where is the associated Laguerre polynomial. Atomic unit are used through the 
text. 
)(xLβα





 The generating function of Laguerre polynomial is:     
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We deduce that 
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2.2 The generating function of spherical harmonics  
   The generating function of spherical harmonics is: 












l rrr ξϕπ ∑+=
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                                             (2.5) 
With  is a vector of length zero,ar 02 ==⋅ aaa rrr  and its components  
                            ξηηξηξ 2),(, 3222221 =+−=+−= aiaa
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Substituting (1.4) and (1.5) in the above expression we obtain:                      













rrr ωαωαξ                            (2.6) 
 
3. The connection of 3R hydrogen atom and 4R harmonic oscillator  
 
   We will derive the quadratic transformation by a simple way then we determine  
the volume element. A summary of the connection between the wave function of 
hydrogen atom and harmonic oscillator is given in the following. 
3.1 The quadratic transformation   34 RR →
  The quadratic transformation has been used first by Kustaanheimo-Steifel [10] 34 RR →
in celestial mechanics and was used also by many authors [11-12] for the connection of 
3R hydrogen atom and 4R harmonic oscillator. We shall derive this transformation by a 
simple method knowing that its derivation can be done by several ways [12-16]. 
 Consider the relationship between the well-known Wigner’s D matrix and spherical 
 harmonics polynomials [17] 
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We write in terms of Euler’s angles or Cayley-Klein parameterization.  









ψφψφ θθ −−+− =+==+=
ii
eriuuzeriuuz           (3.2) 
and ,...2/1,1),(),,,( ),'(
2
2211),'( == jDuzzzzD j mmjj mm ψθϕ  
It is important to emphasize that the elements of the matrix D are solution of Laplacian 
 with the parameterization of Cayley-Klein. 4Δ
If we put in (3, 1) we obtain the quadratic transformation :  1=l 34 RR →
         )()(2,)(2 1221324112214231 zzzziuuuuyzzzzuuuux −=−=+=+=  
 3








1 zzzzuuuuz −=−−+=                                           (3.3) 
3.2 The volume element                                            
   We consider the transformation ),,,(),,,( 4321 ψϕθruuuu →  
With         .4,,1,,0,2,0,0 K=∝+≤∝≤−≤∝≤≤≤≤≤ iur iπϕψπθ  
and                                          ψϕθ dddrdJud =r4  
The calculation of the Jacobian gives  θsin)8/( 2uJ =  but ψϕθ dddrdrrd 23 =r  
 Therefore                                 ψdrdudu rr =28  
And       uduzuyuxfdrdzyxfrdzyxf rrr ∫∫∫ == 433 ))(),(),((4),,(2
1),,( πψπ     (3.4) 
3.3 The connection of hydrogen atom and harmonic oscillator 
  A quick calculation shows that the equation of the hydrogen atom 







h . ( μ is the reduced mass).  
That may be written on the basis of harmonic oscillator in the form 

















h                                    (3.5) 
With a constraint on the eigenfunctions: .0=Ψ∂
∂
ψ                                                  (3.6) 
 and                                     )2(4,/8 2 +=−= nZeE ωμω h    








ZeE hμ                                                (3.7) 
 
4- The wave functions of hydrogen atom in momentum space 
 
   We write first the Fourier transform in the representation (u) and with the help of 
Bargmann integral we determine the generating function in momentum representation. 
Finally the development of this function gives us the wave functions of hydrogen atom in 
momentum space. 
4.1 The generating function in {u} representation 
  We denote the generating function by ),,( pzG rαξ in the representation {u}. But to 
determine the generating function (2.3) we must multiply by 4 / π to reflect the change in 
the measure of integration. We write  





1)( ψπψ ∫ −=                                           (4.1) 
  To calculate this expression we must write (4.1) in the (u) representation using the 
formula (3.4):  
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14)( ψππψ ∫ −=                                         (4.2)  
 In the expression )( pnlm
rψ there is the term for that we consider a new generating 
function: 
2u



















)1(exp[ βαωω −− −+−
+−∫                           (4.3) 
We assume that 0≥β therefore there is no problem of convergence. 
We write then          ),,()],,,([ 0 pzGpzG
rr αξβαξβ β =∂
∂− =                                     (4.4) 



















                              (4.5)  
4.2 The generating function of momentum-space   
    We can do the integration of (4.3) by a direct calculation with the variables (u) or more 
quickly using the Bargmann integral [18]  
              ∫∏ −−= =++− )exp()(det)exp()/1( 111 2 BXAXBvvAXvvvd ttttni inπ       (4.6) 
With   ),..,,( 21 nvvvv =
We have   )()()(. 221112211221 zzzzipzzzzpzzzziprpi zyx −−−++−=− rr  
                     )()()(. 221112211221 zzzzazzzziazzzzara zyx −+−++=rr                  (4.7) 
                                        2211 zzzzr +=  






















































Because we deduce that:  02 =ar
















zX rrr                         (4.8) 
We find therefore the generating function  





δαβδπβαξ +−+−++=            (4.9) 
In applying the relation (4.4) we find the generating function ),,( pzG rαξ  
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4.3 The wave functions in momentum-space  
   We drive the basis of momentum-space using the formula 






















∂∂∂              (4.11) 
In this case we must take δ=1/n and to execute the calculations we proceed by step: 
1 - Derivation with respect to α     































δ                          (4.12) 
We have   ( ) ))()(2)(()1()1( 2222222222 δδδδ ++−−+=−++ pzpzppzz rrrr  













We deduce that    











































παξα     (4.13) 
2- Derivation with respect to  z 
  Using the familiar formula for the generating function of Gegenbauer polynomials 











































With   , and nlm =++ 1 nlm =++ 3 n/1=δ  therefore    
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We obtain      1. =yy rr  
Thus we find the transformation introduced by Fock. 
)/(3- Derivation with respect to ϕ ∂ ξ∂jm  
 By using the formula (2.5) we get the following expression 
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4- The wave functions in momentum space




























−×+= δδπψ                (4.17) 
And with the help of the recurrences formula [21] 





ααα αα −+−+ −−=+ nnn CxCxCn
We derive finally the wave functions in momentum space: 







































πψ                 (4.18)  
It is clear that we obtain by an elementary method not only the wave function in 
momentum representation [4] but also the phase factor. 
         
5- Passage formulas between the basis of  and 4R
between the generating functions of Gegenbauer. 
 
   In order do not cumbersome the text with the applications I am restricted only to the 
calculation of the passage matrix elements from the spherical basis to the basis which 
elements are  and the mapping between the generating functions of 
Gegenbauer polynomials. 
)(),'( ψθϕj mmD
If we consider the spherical parameterization 
   χθχϕθχϕθχ cosvq,cvsinz,ssinvsiny,cossinvsinx ==== osin                 (5.1) 
The Laplacian have solutions the spherical functions [2-19]   4Δ




















−−=                       (5.2) 
With                            ),,(),,( zyxrqrv == rrr                      
5.2 Passage formulas between the bases of  4R
    We consider the generating function [20] of Wigner’s D-matrix: 


















                                                                                               (5.3) .22222 zyxqv +++=r
By replacing in the formula  by ( )21 zz ( )'2'1 zz  we have 
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We find then the quadratic transformation ,  34 RR → )',','()',',','( 4321 zyxuuuu →






1 ''''''),',','('),,,( uuuurqzyxrzyxr +++==== rr  






jmjmm jm ϕϕ∑=+ rr                       (5.5) 
A second form of (5.5) can be done through the development of the wave free, then the 
generating function of Gegenbauer polynomials and Legendre duplication formula.  
We develop on the spherical harmonics basis rrie
rr.
                                                      (5.6) )()''()'(4 *0
'. θϕϕθπ lmlmll l lm lrri YYrrjie ∑ ∑∝= + −==rr
And we write 
                                ]cos'[exp[4]'.'exp[ 0 χπ vqirriqq l l lm l∑ ∑∝= + −==+ rr





θϕϕθχπ lmlml YYvrJkr +⎟⎠
⎞⎜⎝
⎛                       (5.7) 


























Γ=          (5.8) 
We obtain 




















απ αrr     
                                                                                             (5.9) ])()''(*∑+ −=l lm lmlm YY θϕϕθ
  With Legendre duplication formula 




1( 2 +Γ+Γ=+ΓΓ nnn n                                    (5.10) 
and we multiply (5.9) and (5.5) by ∫ Ω')''( dYlm ϕθ  and then we execute the integration. 
We obtain 







θϕχπ lml lnll YCnll
lil + −−− ++Γ+Γ
+Γ+     
                   )(]')''()]'()'([ 2)',(' 21 UDdYzz
j
mmklmjj Ω=∑ ∫ ϕθϕϕμμ μμ                          (5.11) 
With the help of the expression [17] 
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   (5.13)  
5.2 Integral representation of the generating functions of Gegenbauer polynomials.  
      With the development of the plane wave and the expression (5.6) we find that               
 ×=⋅++ ∑ ∫∑∫ ∝= + −= ]cos'[exp[{)2/1()'()]''(2/)'.(exp[ 0l l lm l vqiudrriqqra χαπμαβ rrrr








rr ⋅αβχα                         (5.14) 
  We can execute the integration using the Bargmann integral and we repeat the same 
calculation of paragraph 4.We obtain 
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Put , and comparing the two expressions (5.14) and (5.15) we  2',1 utv ==















l χχπαχα                        (5.16) 
                 
6. Clifford algebra and generating function 
 of Gegenbauer  polynomials 
 
  We noticed a relationship between the generating function of Gegenbauer polynomials 
and the octonions algebra and this part aims to present this relationship. 
6.1 Bargmann integral and Levi-Civita transformation  
  The quadratic transformation is 22 RR →






121 ',',2' uuruuyuux +=−==
put  ),,(),,( 321 xxxzyx =
And by analogy with the expression (5.3) we write:    
































The Bargmann integral in this case is  


























ααμ                   (6.3) 
The second part is the generating function of Gegenbauer polynomials 













With                                       I−=Γ=Γ 2122
6.2 Bargmann integral and the quaternions 
It is well known that                      (6.5)                        Ix
ixxixx
ixxixx









Where are the representations matrices of quaternion. We find by a direct 







































ααμα              (6.6) 
The second part is the generating function of Gegenbauer polynomials 
6.3 Bargmann integral and the Octonions 
  The Hurwitz transformation of is given by 58 RR →
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We consider as previously: 
                             =+++++= )()( '55'44'33'22'1163 xxxxxxxxxxirxzAz t       






























)()(         (6.8) 
 t is the transpose and                         ( ) ( )4321 zzzzz t =  
The Bargmann integral in this case is      
                           ∫ −−= 22263 )21(
1)()exp(
ux
zdzAz t ααμα                                     (6.9) 
we find again that the second member is the generating function of Gegenbauer 
polynomials. 
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−=ΓΓ= ∑ 1, 23
We note that { } which permit us to do the expansion of (6.8) on the  0]exp[ 36 =Δ zAztα
basis of SO (6) or on the basis of SU (3) and the matrix of passage between these bases 
 is determined by the same method of part 5.  
6.4 Bargmann integral and the Clifford Algebra  
   Based on the expression of , and we can generalize these results by 
writing:                         
1A 2A 3A

























n                             (6.11) 
Using a symbolic program we find also: 
For n=4     ∫ −−= 42284 )21(
1)()exp(
ux
zdzAz t ααμα                                             (6.12) 
For n=5      ∫ −−= 822105 )21(
1)()exp(
ux
zdzAz t ααμα                                           (6.13) 
And                                                iin xA Γ=∑  ,   
                                                                                           6.14) ijijjii δ=ΓΓ+ΓΓ−=Γ ,12
We deduce from the above mentioned that there is a close relationship between the 
Clifford algebra and the generating functions of Gegenbauer polynomials and our method 
of calculating Fourier transformation of the position coordinates can be generalized to 
any orders.   
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